The stability of isotropic cosmological solutions in the Bianchi I model is considered. We prove that the stability of isotropic solutions in the Bianchi I metric for positive Hubble parameter follows from their stability in the Friedmann-Robertson-Walker metric. This result is applied for models inspired by string field theory, which violate the null energy condition (NEC). Examples of stable isotropic solutions are presented. We also consider the k-essence model and analyse the stability of solutions of the form Φ(t) = t.
Introduction
Field theories which violate the null energy condition (NEC) are of interest for the solution of the cosmological singularity problem [1, 2, 3] and for models of dark energy with the equation of state parameter w < −1 (see [4] - [14] and refs. therein). Generally speaking models that violate the NEC have ghosts, and therefore are unstable and physically unacceptable.
However, the possibility of existence of the dark energy with w < −1 on the one hand 1 and the cosmological singularity problem on the other hand, encourage the investigation of models which violate the NEC. It is almost clear that such a possibility can be realized within an effective theory, while the fundamental theory should be stable and admit quantization. From this point of view the NEC violation might be a property of a model that approximates the fundamental theory and describes some particular features of the fundamental theory. In a lack of quantum gravity we can just trust string theory or deal with an effective theory admitting the UV-completion. There exist several attempts to realize these scenarios [18, 19, 20] . The ghost condensation model [18, 21, 22, 23] proposed to describe a wide class of cosmological perturbations, has a ghost in the perturbative vacuum and have no ghost in the ghost condensation phase within an effective theory. The new ekpyrotic scenario [20, 24, 25, 26] is a development of the ekpyrotic [27] and the cyclic scenarios [2, 28] and it attempts to solve the singularity problem among others by involving violation of the NEC. Non-local cosmological models [19, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38] inspired by the string field theory [39, 40] admit a regime with w < −1.
All of these models possess higher derivatives terms, which produce well known problems with quantum instability [41, 42] . Several attempts to solve these problems have been recently performed [43, 26] . A physical idea that could solve the problems is that the instabilities have not enough time to fully develop. A mathematical one is that dangerous terms can be treated as corrections valued only at small energies below the physical cut-off. This approach implies the possibility to construct a UV completion of the theory, and this assumption requires detailed analysis.
The NEC plays an important role in classical general relativity, in particular in the consideration of black holes and cosmological singularities [1, 3] .
The NEC violating models can admit classically stable solutions in the FRW cosmology. In particular, there are classically stable solutions for selfinteracting ghost models with minimal coupling to gravity. Moreover there exists an attractor behavior (about attractor solutions for inhomogeneous cosmological models see [44] ) in a class of the phantom cosmological models [45, 46, 47] . One can study the stability of the FRW metric, specifying a form of fluctuations. It is interesting to know whether these solutions are stable under the deformation of the FRW metric to anisotropic one, for example to the Bianchi I metric. In comparison with general fluctuations we can get an explicit form of solutions in the Bianchi I metric, which can probably clarify some nontrivial issues of theories with the NEC violation.
Stability of isotropic solutions in the Bianchi models [48, 49] has been considered in inflationary models (see [50, 51] and references therein about anisotropic slow-roll inflation). Assuming that the energy conditions are satisfied, it has been proved that all initially expanding Bianchi models except type IX approach the de Sitter space-time [52] (see also [53, 54, 55] ). It is interesting to consider the similar question in the case of phantom cosmology [46, 56, 47] , string inspired models [19, 30, 57, 34, 36, 58] as well as in the case the ghost condensation models [18] or its modifications [26] .
The Bianchi universe models [48, 49] are spatially homogeneous anisotropic cosmological models. There are strong limits on anisotropic models from observations [59, 60] . Anisotropic spatially homogeneous fluctuations have to be strongly suppressed and models developing the large anisotropy should be discarded as early or late cosmological models.
In this paper we consider stability of isotropic solutions in the Bianchi I metric in a presence of phantom scalar fields. There are two classes of models whose stability we analyse in this paper. The first class is the one phantom scalar field dark energy models, which admit exact kink or lump type solutions [56, 30] . For this class of models we also analyse the stability one phantom scalar field with respect to small fluctuations of the initial value of the cold dark matter energy density (compare with [45] ). The second class of models are models with a scalar field φ, which have exact solutions φ ∼ t, for example, the k-essence models [61, 62, 63, 64] , in particular, ghost condensate models [18, 21, 26] . For the both class of models we prove that the stability of solutions in the Bianchi I metric is equivalent to the stability of the corresponding solutions in the FRW metric. The stability of kink and lump solutions in the FRW metric means the stability of the fixed point the solution tends to. Using the Lyapunov theorem [65, 66] we find conditions, under which the fixed point and the corresponding kink (or lump) solution are stable. In these cases the necessary condition of exact solution's stability is boundedness of the first corrections for positive semiaxis of time. When we can not use this theorem we check the boundedness of the first corrections to the exact solutions explicitly.
The paper is organized as follows. In section 2 we deal with an arbitrary N-component scalar potential model and a k-essence model in the Bianchi I metric. We also review the Lyapunov theorem and other important statement about stability. In Section 3 we consider stability of solutions which tend to an isolated fixed point in one-field models with the cold dark matter (CDM). We prove that the stability of such solutions in the Bianchi I metric is equivalent to the stability of the corresponding solutions in the FRW metric. We find the sufficient conditions to obtain stable solutions. In Section 3 we find as well the connection between the first order corrections in the FRW and Bianchi I metrics for N-field models. The corresponding result for the k-essence model is presented in Section 4. In Section 5 we present examples of stable isotropic kink and lump solutions in the SFT inspired cosmological models. We also analyse the first order corrections for solutions, which are proportional to time. In Section 6 we make a conclusion and propose directions for further investigations. 
The action is
where the potential V is a twice continuously differentiable function, G N is the Newton gravitational constant, Λ is a cosmological constant, C k are nonzero real numbers. The sign of C k defines, whether field φ k is the phantom field (C k < 0) or the ordinary scalar field (C k > 0). The Einstein equations have the following form:
k-essence model
Let us consider the k-essence cosmological model, which is described by the action:
where
The pressure P (Φ, X) is of the form [18, 20] :
Here p q (Φ), ̺ q (Φ) and M 4 (Φ) are arbitrary functions of Φ. The energy density is
In the Bianchi I metric for Φ, depending only on time, we have X =Φ 2 . The Einstein equations are:
From action (18) we also obtain the second order differential equation for k-essence field Φ, which represents a consequence of system (22)- (25) . Indeed, we differentiate (22) on time and obtain:
Using (22)- (25) to excludeḢ i we transform this equation to the following form:
Substituting explicit forms of E and P we obtain:
where a prime denotes a derivative with respect to Φ,
The k-essence model has one important property. For any real differentiable function H 0 (t) there exist such a real differentiable functions ̺ q (Φ) and p q (Φ) that the substitution H i (t) = H 0 (t) and Φ(t) = t solves system (22)- (25) and, therefore, equation (28) . Indeed at
So, one can obtain from (22)-(25)
Substituting the obtained ̺ q (Φ) and p q (Φ) in (20) we see that the system (22)- (25) has an particular solution H i (t) = H 0 (t) and Φ(t) = t.
A few known facts about stability
Let us remind few facts about stability [65, 66, 67] of solutions for a general system of the first order autonomic equationṡ
By definition a solution (a trajectory) y 0 (t) is attractive (stable) if
for all solutionsỹ(t) that start close enough to y 0 (t). If all solutions of the dynamical system that start out near a fixed (equilibrium) point
stay near y f forever, then y f is a Lyapunov stable point. If all solutions that start out near the equilibrium point y f converge to y f , then the fixed point y f is an asymptotically stable one. Asymptotic stability of fixed point means that solutions that start close enough to the equilibrium not only remain close enough but also eventually converge to the equilibrium. A solution y 0 (t) of (32), which tends to the fixed point y f , is attractive if and only if the point y f is asymptotically stable. The Lyapunov theorem [65, 66] states that to prove the stability of fixed point y f of nonlinear system (32) it is sufficient to prove the stability of this fixed point for the corresponding linearized systemẋ
The stability of the linear system means that real parts of all solutions of the characteristic equations det(
∂F ∂y
− λI)| y=y f = 0 are negative. In the case of a hyperbolic fixed point, i.e. the case when the Jacobian matrix of F at the fixed point do not have eigenvalues with zero real parts, one can use the Hartman-Grobman theorem [68, 69, 70] . This theorem reduces the study of the system of the first order nonlinear equations near the hyperbolic fixed point to study the behavior of its linearization near the origin.
The case with pure imaginary eigenvalues of the Jacobian matrix of F at the fixed point requires more specific treatment [70] .
3 Stability of solutions with an isolate fixed point in one-field models with the CDM
The FRW metric
Let us consider the gravitational model with a scalar field φ and an arbitrary potential V (φ), described by action (2) at N = 1. In the FRW metric H 1 = H 2 = H 3 and equations (3)- (6) are as follows (we will omit the index '1' for simplicity):
The equation of motion for φ(t) is the following
. This equation is in fact a consequence of system (36)- (37) . System (36)- (38) can be considered as the following first order system:
Equation (37) connects the following integral of motion of system (39) to the cosmological constant:
We are interested in the stability of kink and lump solutions, namely we consider such solutions that the Hubble parameter tends to a finite level at t → +∞. From (39) it follows that in this case φ(t) tends to a finite level as well. Thus, there exists a fixed point y f ≡ (H f , φ f , ψ f ), which corresponds to t = +∞. It is easy to see that
To analyse the stability of y f we present solutions in the following form:
where ε is a small parameter. To first order in ε we obtain the following system of the equations:
The equation (43a) has the solution
where b 0 is a constant. From (43b-43c) we obtain the following solutions:
• at V
whereD 1 , D 1 and D 2 are arbitrary constants. Using the Lyapunov theorem we state that fixed point y f is asymptotically stable and, therefore, the exact kink-type or lump-type solution y 0 (t) is stable if:
Namely y f is
• a stable focus at
• a stable node at
• a stable improper node at V
At V ′′ φ (φ f ) = 0 we need an additional analysis of stability, because the Lyapunov theorem does not state the correspondence of the behavior of solutions to the initial system (39) and the obtained linear system (43) .
At H f = 0 we obtain either saddle or center point. At H f < 0 the fixed point y f is unstable, because h(t) tends to infinity.
Let us introduce the CDM in our model with a scalar field. The corresponding Friedmann equations and equations of motion give the following systeṁ φ(t) = ψ(t),
and the equation
where ρ m is the energy density for the CDM. It is easy to see that the first three equations of (49) coincide with system (39). Let us consider the possible fixed points of system (49) .
From the last equation of this system it follows that at the fixed point we have either H f = 0 or ρ mf = 0. Let choose ρ mf = 0, we obtain that if conditions (48) are satisfied, then the solution, which is stable in the model without the CDM, is stable with respect to small fluctuations of the initial value of the CDM energy density as well. For the case H f = 0 we either obtain a saddle point and solutions are not stable, or a center point, which stability can not be obtained from the Lyapunov theorem and demands to an additional analysis.
Stability in the Bianchi I metric
Let us consider the model with one scalar field in the Bianchi I metric, from system (13)- (16) we obtain:φ
We are interested in the stability of isotropic kink-type solutions in the Bianchi I metric. Let the isotropic solution y 0 (t) = (H 0 (t), H 0 (t), H 0 (t), φ 0 (t), ψ 0 (t)) tends to a fixed point
For the fixed point we obtain the same relations that in the FRW metric:
To analyse the stability of y f we present solutions as series in ε:
To first order in ε we obtain the following system of the equations:
The solutions of this system coincide with solutions of system (43) . Namely, ϕ(t) and χ(t) are the same, and equations for h i (t) and h(t) are the same. Thus, we make a conclusion that the isotropic solution which tends to a fixed point is stable in the Bianchi I metric if and only if it is stable in the FRW metric. A sufficient conditions for the stability of the isotropic solutions are given by (48) . In particular solutions are stable only if H f > 0, therefore, if we add the CDM, then ρ mf should be equal to zero. Repeating the reasoning of the previous subsection, we obtain that solutions, which are stable in the Bianchi I metric in the model without the CDM, are stable with respect to small fluctuations of the initial value of the CDM energy density as well.
Connections between the first order corrections to isotropic solutions in the FRW and the Bianchi I metric
In previous section we have found that in the case of one-field models the equations for the first corrections near a fixed point in the Bianchi I metric can be automatically solved if the corresponding equations in the FRM metric are solved. In this section we generalize this result and consider the first corrections of an arbitrary isotropic solution.
We consider the cosmological model, which is described by action (2) and the Einstein equations (13)-(16). We do not assume that the isotropic solution tends to a fixed point. To study the stability of this solution we present solutions, whose initial conditions are close to the isotropic one, in the following form
From (13)- (16) we obtain in the zero order of ε the system of the Einstein equations and equations of motion in the FRW metric. To first order in ε we obtain the following systeṁ
From equations (69)- (71) we obtaiṅ
and we also have 
Proof. It is trivial that if full set of solutions includes only boundary functions, then any subset, which satisfies an additional condition, includes only boundary functions. Let us prove that the boundedness of isotropic solutions is not only a necessary condition but also a sufficient one.
From equations (72) and (73) we obtain:
So we obtain that if the integral t 0 H 0 (τ )dτ is uniformly bounded from below, then
anisotropy is bounded at all t. Note, that in the most of cosmological models H 0 (t) > 0 for all t > 0 and the anisotropy tends to zero at t → ∞.
Using (75), one can express h 2 (t) and h 3 (t) via h 1 (t) and reduce system (69)- (71) to one equation. System (66)-(71) takes the following form:
It is easy to check that 3h
System (76)- (77) in terms of h 0 and ϕ k coincides with a system of equations (66)-(71) with h 1 (t) = h 2 (t) = h 3 (t) = h 0 (t). In other words we obtain that the functions ϕ k (t) in the Bianchi I and FRW metrics are the same. Functions h 1 (t), h 2 (t) and h 3 (t) differ from the correction for the Hubble parameter h 0 (t) on a finite value. Thus the theorem is proven.
Note that Theorem 1 connects the stability properties the the FRM and Bianchi I metrics not only for solutions, which tend to a fixed point, but also for solutions, which tends to infinity at t → ∞. Examples of such solutions in the cosmological models are presented in Sections 4 and 5.
4 Stability of solutions in k-essence model in the Bianchi I metric
The first order corrections
Let us consider the first order corrections in the k-essence model. Substituting
in (22)- (25) and expanding (60)- (62) to first order in ε we obtain the following system
It is easy to see that equations (72) and (73) can be obtained from (82)-(84), therefore, formula (75) is valid for solutions of system (81)-(84). Using this formula we introduce h 0 by formula (78). Due to (79) we obtain that system (81)-(84) in term of h 0 , E 1 , P 1 coincides with the corresponding equations in the FRW metric, so if H 0 satisfy conditions of Theorem 1, then solutions of (81)-(84) are bounded if and only if isotropic solutions, namely solutions, which satisfy the condition h 1 (t) = h 2 (t) = h 3 (t), are bounded. It means that it is sufficient to calculate the first order corrections for the given background solutions in the FRW metric to describe their behavior in the Bianchi I.
Example
Let us consider the following example
where B, C 1 , C 2 and M 0 are constants. The Friedmann equations are
One can check that the following solution exists
if
Let us analyse the stability of the exact solution
The equations for the first order fluctuations arė
which have the following general solutions:
where d 1 and d 2 are arbitrary numbers. If C 1 + C 2 < 0, then H 0 > 0 at t > 0 and solutions are stable in the FRW metric, in the sense that the first corrections are bounded functions. The similar solutions, obtained from the SFT inspired model, are considered in Subsection 5.5.
Examples of isotropic stable solutions in String Field
Theory Inspired Models
String field theory inspired cosmological models
In this section we present a few examples of exact solutions in the string field theory inspired cosmological models with a phantom scalar fields. An original theory has no phantom, but contains a nonlocal interaction which contributes to the kinetic term and might change its sign. We approximate the nonlocal dynamics by a local dynamics with a phantom. In this section we consider the stability of the kink-type and lump-type solutions obtained in our previous papers [56, 30, 36] under perturbations in the the Bianchi I metric. These models are motivated by a description of D-brane decay within string field theory framework. In [56, 30] we have considered the SFT inspired phantom models with high degree polynomial potentials. We consider stability of the obtained exact solutions in two next subsections.
In [36] we have considered a non-local cosmological model with quadratic potential and obtained that exact solutions of this model are solutions of local models with quadratic or zero potential. In Subsections 5.4 and 5.5 we analyse the stability of those solutions in massless and massive cases correspondingly. The exact solutions in the massive case are similar to solutions (88) in the k-essence model.
In examples we use a dimensionless parameter m
The coefficient of proportionality arises when we construct effective cosmological models from the original SFT action (see [56, 30, 36] for details). For convenience we write the system of the Einstein equations (39) for the SFT inspired cosmological models in the following form:
We also have 3m
Model with a kink solution and the sixth degree potential
System (95) with the potential
and C = −1 has the following exact kink-type solution [56] (see also [45] )
Model with a lump solution
In the previous subsection kink solutions were considered. In this subsection we consider stability of a lump solution.
As a concrete example we would take the one-field model [30] with the potential
and C = −1. The Friedmann equations (95) have the following exact solution [30] 
At t → ∞ solution (105) tends to a fixed point:
It is easy to see that
Using (48), we obtain that solution (105) is attractive in the Bianchi I metric at m 2 p < 2/5. In [30] authors consider model without the CDM, at the same time the results of Section 2 show that solution (105) is stable with respect to small fluctuations of the initial value of the CDM energy density as well.
Let us perturb the Friedmann equations in the standard way
to first order in ǫ we have the following system of equationṡ
System (109) has the following solutions
Let us consider the stability of the solution (H 0 , φ 0 ). Substituting H 0 and φ 0 in (60)- (63) , to first order in ε we obtain
where C 2 and C 3 are arbitrary real constants. It is obvious, that functions h(t) and ϕ(t) are bounded. In the Bianchi I metric we have
where real constantsC i , i = 1, 2, 3, satisfy the following relatioñ
Thus, we have obtained, that kink-type solution (113) in the Bianchi I metric have the bounded first corrections.
Model with quadratic potential and the cosmological constant
Let us consider the model of the scalar field with the quadratic potential and the cosmological constant. In this case the Friedmann equations are
where C and B are arbitrary nonzero real numbers. System (117)-(118) has the following particular solution
From (120) it follows, that the function φ is real if and only if B > 0. The above-mentioned solutions exist only if
To analyse stability of these exact solutions we substitute
and φ(t) = k 2 t + εϕ(t).
in (117) and (118).
To first order in ε we obtain the following system of equations 2 3πBG N (Aφ(t) + Btϕ(t)) = 3Bt h(t),
h(t) = −8πG N Ck 2φ (t).
Solutions of (124) 
Therefore, the functions h(t) and ϕ(t) are bounded at C/B < 0. Real solutions exist only if B > 0, hence, C < 0. We come to conclusion that solution (119) can be stable (the first corrections are bounded), only if C < 0, in other words, φ(t) is a phantom scalar field.
Conclusion
We have analysed the stability of isotropic solutions for the models with the NEC violation in the Bianchi I metric. For one-field model we used the Lyapunov theorem and found sufficient conditions for stability of kink and lump type solutions. A generalization of this result to two-field model, for example quintom models, requires further studies and will be considered in future investigations.
We found the explicit form of the connection between h 1 (t), h 2 (t) and h 3 (t), which define metric perturbations in the Bianchi I metric, and h 0 , which defines perturbations in the FRW metric. We have proved that fluctuations for the fields and the CDM energy density in both metric are the same. In particular we state that for H 0 0 the boundedness of h 0 is a sufficient and necessary condition for the boundedness of h 1 (t), h 2 (t), and h 3 (t). This result is valid for both N-field and k-essence models.
We have proved that the exact solutions, found in our string inspired phantom models [56, 30] , are stable.
